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INTRODUCTION
Many studies have been carried out by researchers, teachers, psychologists, and sociologists in order to
understand the reasons behind the difficulties that a large percentage of students, regardless of age, gender
or country of origin, encounter in studying mathematics (Jordan et al., 2013; Mazza & Gambini, 2022;
Mazzocco, 2007; Mutlu, 2019). The aim is to understand which mental processes are activated, which aspects
represent a barrier to learning and what good practices and strategies can be used to overcome these
difficulties (Craig, 2010; Hill & Wicklein, 1999).
Research studies on this issue generally focus on a specific task or, at least, on one of the different areas
of mathematics, such as geometry (Gal & Linchevski, 2010; Kuzniak & Rauscher, 2011; Sulistiowati et al., 2019).
In fact, each field of mathematics brings with it specific problems related to teaching/learning.
The focus of this article is on geometry and, in particular, on the difficulties students have in solving
geometric problems and proofs. The research was carried out on a sample comprising all those who took part
in the Roman district mathematics competitions from 2018 to 2020. It must first be said that the study of
mathematical competitions is a relatively recent field and therefore the literature is proportionately scarce
(Marushina, 2021; Nieto-Said & Sánchez-Lamoneda, 2022). As Kaiser states in her foreword to the ICME-13
monograph, “Competitions for young mathematicians: Perspective from five continents” (Soifer, 2017):
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“Despite this high importance of mathematical competitions, either as mathematical Olympiads or
as mathematical tournaments of towns or other kind of mathematical competitions, there exists
hardly any scientific research about mathematical competitions” (p. vii).
This research represents exploration of an aspect that has been abundantly studied in the literature, i. e.,
the difficulties possessed by students in geometry, but in this case with regard to a rather small and, as just
mentioned, scarcely-studied sample represented by students participating in mathematics competitions.
Geometry, in particular, is a substantial area in competitions; with a relatively small amount of knowledge, a
large number of exercises can be developed, and of varying levels of difficulty (Nieto-Said & SánchezLamoneda, 2022).
The approach adopted is purely quantitative, with the aim of obtaining general indications and broad
trends about the extent of the phenomenon under study, while at the same time trying to outline possible
interpretations without claiming to give any exhaustive explanation, nor to investigate the socio-cultural
aspects underlying the phenomenon itself. Since this is a rather narrow time interval, there should be future
research and in-depth studies on the subject. In addition to further quantitative analyses aimed at fully
understanding the extent of the phenomenon, conducting qualitative analysis may allow us to understand
the motivations behind the phenomenon. However, the research reported here presents clear trends from
which to develop future research.

Students’ Difficulties in Geometry: A Look at the Status Quo
The teaching of geometry in schools has many aims, such as developing students’ intuitive spatial, graphic
and linguistic abilities, stimulating the need for demonstration, getting them used to reasoning and giving a
significant example of an axiomatic-deductive system. For centuries, geometry has inspired epistemological
and philosophical studies, such as the theories of Plato and Kant. Although it is often seen as merely the study
of points, lines and shapes, geometry has considerable applications in other fields such as music and
architecture. In the Italian scholastic tradition, geometry and its centrality within the mathematics curriculum
have experienced fluctuating phases (Sbaragli & Mammarella, 2010), although in the aftermath of national
unity, a certain importance was given to the study of geometric properties with the inclusion of Euclid’s
elements in the high school mathematics curriculum.
Nowadays, however, geometry occupies an important place in education in many countries, including Italy,
where the wide space devoted to analytical aspects of geometry has not led to an excessive reduction in the
study (through a synthetic approach) of plane and solid figures. Although the classical (Euclidean) approach
taken by many teachers and textbooks is to start with two-dimensional geometry and then move on to threedimensional geometry, there is still an open debate within the research community about the need to reverse
this treatment, at least at primary school level (Sbaragli & Mammarella, 2010). This is due to the belief that
three-dimensional geometry represents a reality closer to the child’s experience than a study that begins with
concepts such as point, line and plane, which “do not exist, cannot exist in reality” (cit. Fischbein, 1993, p. 141)
and as such are less intuitive (Arrigo & Sbaragli, 2004; Cottino & Sbaragli, 2004). In the world of teaching, there
are also elements of inhomogeneity, both from country to country and within the same country or,
sometimes, even within the same school where different teachers have different sensitivities and attentions
towards geometry, which is sometimes relegated to the study of a few and limited theoretical notions without
a real exercise in demonstration. This lack of sensitivity to the teaching of geometry is clearly revealed in light
of the difficulties students display when called upon to perform demonstrations or tasks requiring special
visual-spatial skills. Research in mathematics education has focused a great deal on the subject of
demonstration, in an effort to understand the cognitive mechanisms and logical processes that are activated
(Anderson, 1983; Herbst & Brach, 2006; Knuth, 2002; Selden & Selden, 2003). Some studies analyze the
different stages of cognitive development at which students can produce demonstrations in a meaningful
way. These include the theory of the development of geometric thinking by Dutch teachers Pierre van Hiele
and Dina van Hiele-Geldof (Fuys et al., 1984; van Hiele, 1986). Noting the difficulties their students had in
geometry, they developed a theory that introduces different levels of thinking that students go through as
they move from simply recognizing a figure to being able to describe a formal proof (Clements & Battista,
1992; Crowley, 1987; Mason, 2009, Mason & Moore, 1997; Sbaragli & Mammarella, 2010; Usiskin, 1982). Five
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Figure 1. The different stages of mathematics competitions in Italy (Source: Authors)
levels are indicated by van Hiele (1986), which are sequential and hierarchical: level 1 (visualization), in which
one recognizes figures only by their appearance without perceiving their properties; level 2 (analysis), in which
one recognizes the properties of figures without, however, perceiving the relationship between them; level 3
(abstraction), in which one perceives the relationships between properties and figures without, however, yet
understanding the role and significance of formal deduction; level 4 (deduction), in which one is able to
construct demonstrations, understand the role of definitions and axioms and know the meaning of necessary
and sufficient conditions; and, finally, level 5 (rigor), in which one understands the formal aspects of a
demonstration. According to van Hiele (1986), writing a demonstration requires a high level of thinking, but
many students are not able to do this because they need to do more work with specific tasks at a lower level.
With specific reference to students who perform well in mathematics, if they sometimes seem to “skip” levels,
it is probably only because they have developed logical reasoning skills in contexts other than geometry
(Krutetskii, 1976; Mainali, 2019; Mason, 2009).

THE CONTEXT
Mathematics Competitions in Italy
Since this paper focuses on students taking part in Italian mathematical competitions, it is considered
useful to provide an overview of the different stages of student competitions in Italy (Figure 1); see also Mazza
& Gambini, 2022, for more details. The most widespread is represented by the Archimedes games, an
individual competition organized by the UMI (Italian Mathematical Union) and held, generally in November,
within each participating school (as many as 1,440 schools throughout Italy in the 2017/18 school year). The
primary objective of this event is to disseminate a different way of looking at mathematics by setting problems
that are different and, in some respects, more stimulating than those proposed during curricular hours. The
number of participants has been around 200,000 in recent years, although the recent pandemic situation has
led to a drastic reduction in extracurricular activities in schools and, consequently, a drop in participation in
mathematics competitions. The Archimedes games and subsequent competitions deal with essentially four
areas: algebra, geometry, number theory, and combinatorics. Since the youngest students (grade 9) could risk
being left out of the next competition, a ‘repechage’ competition is reserved for them, in which around 2,000
students from all over Italy participate, in early February.
The next step is the district competition at the end of February, which is attended by the highest scorers
in the Archimedes games and the grade 9 students’ competition in each district1. About 10,000 students take
part in this competition every year. The competition, which is the same for all participants, poses 12 multiple
choice questions, two numerical questions (i.e., exercises, where the answer is an integer) and three openended demonstration questions. The first 14 exercises do not require knowledge of any special
demonstration techniques, but it is essential to know theorems and procedures in order to correctly perform
the calculations and identify the correct answer. In contrast, the last three exercises require writing an actual
proof; therefore, it becomes essential to demonstrate good abstraction and generalization skills. These latter
exercises alone constitute almost 40% of the total test score (they alone are worth up to 45 points out of a
maximum of 115 points). The correct resolution of the latter three exercises therefore becomes discriminating
in identifying those who will go on to participate in the next national competition, which is reserved to the
best 300 students from the district competition. The competition, lasting up to 4.5 hours, is held every year in
May and participants have to solve six open-ended demonstration exercises.
1 Each Italian region is divided into provinces, which represent portions of territory that include several neighboring
municipalities. The districts, 92 in total, coincide approximately with the provinces. Students from different, but
geographically close, schools are grouped into the same competition field. The text of the district competition is the same
for all Italian districts.
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A selection of six students, chosen on the basis of their results in the national competition as well as their
performance during a number of internships held during the year, are sent to the IMO (International
Mathematics Olympiads), which are held each year, usually in July, in a different host country.

METHODOLOGY
Following the district competition in February 2020, students in the Rome district were given a
questionnaire with only eight questions, designed to determine:
1. the level of difficulty perceived during the competition in the different areas that characterize the
mathematics Olympiad,
2. whether or not they consider themselves successful in each of these areas,
3. the most difficult moment in solving the problems of the competition,
4. whether or not they have seen exercises at school similar to those in the competition,
5. school performance,
6. possible placement in the ranking, and
7. the level of anxiety during class tests and mathematical competitions.
The questionnaire was administered to all 486 students who participated in the district competition at the
end of the competition itself, in paper format and not anonymously, so that each student’s answers could be
matched to his or her performance in the competition. Subsequently, the data was initially collated in an Excel
spreadsheet to gather some initial findings which were then studied in more detail using the SAS software.
In addition to investigating preferences and the level of anxiety experienced in the competition, the
questionnaire aimed to understand what perceptions of their own skills were held by the students and which
of the areas (among those that distinguish competition mathematics) they considered most difficult and least
familiar. Some of the results obtained are discussed in this paper.
In order to understand the performance of students during mathematics competitions, we first analyzed
the results obtained by Italian students who competed in the district competitions held from 2018 to 2020.
Subsequently, and with reference to the sample restricted to Roman students participating in the district
competition in February 2020, the answers given to the questionnaire that was administered and, in
particular, to questions 3 and 4 were examined.
The choice to limit the study to the years 2018-20 was unavoidable. In fact, until 2016, the data were not
available as they were not systematically collected by the organizing body of the event (the UMI), while in
2017, although the organizers had started to collect them extensively, the data were incomplete, inaccurate
in several points and inaccurate (dirty data), which makes their reading and interpretation not fully reliable.
Finally, in the years 2021 and 2022, the situation linked to the COVID-19 pandemic led to a remodeling of the
district competition. The competition consisted of two distinct phases with the demonstration questions
limited to a small band of the total number of participants (about a thousand students, equal to 10% of those
who competed in the first phase with only multiple-choice questions). This situation of inhomogeneity would
therefore not have allowed a comparison with the situation of the three-year period 2018-20.
The total number of Italian students who took part in the district competition in the years considered
amounts to around 10,000. In Table 1, we find the exact figures.

DATA ANALYSIS
Descriptive Analysis
The observations below concern the last three exercises of the district competitions, i.e., the open-ended
tasks, in the years under consideration. For each of these years, these questions concerned the area of
number theory, combinatorics, and geometry, while there were no demonstration questions on algebra.
The first observation made concerns the percentage of answers left blank, shown in Table 2.
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Table 1. Number of students participating in district competitions for the years 2018-2019-2020
Exact number of students

2018
9,687

2019
9,905

2020
10,000

Table 2. Percentages of answers left blank in the three demonstration exercises
Number theory
60%
77%
67%

2018
2019
2020

Combinatorics
77%
78%
78%

Geometry
93%
88%
88%

Table 3. Mean (M), standard deviation (SD), and percentiles (P) of the three demonstration exercises
Variable
Combinatorics
Geometry
Number theory

M
1.09
0.23
1.56

2018
SD
95th P
2.64
7.00
1.27
1.00
2.85
7.00

99th P
13.00
5.00
15.00

M
1.76
0.38
1.30

2019
SD
95th P
4.11
14.00
1.73
2.00
3.04
9.00

99th P
15.00
13.00
15.00

M
1.56
0.69
1.86

2020
SD
95th P
3.59
10.00
2.34
5.00
3.59
11.00

99th P
15.00
10.00
15.00

It is clear that the geometry question is the one most often left blank by the students who took part in the
competition. It was not possible to ascertain whether the students gave up this type of question a priori (i.e.,
without even reading the text) or whether they tried to do it, perhaps on rough work sheets (which they did
not have to return at the end of the competition), although without success. Understanding the dynamics in
the competition could be the subject of future in-depth analysis by means of interviews or targeted
questionnaires.
A second aspect to be analyzed concerns the scores given to these exercises. The evaluation grid is
provided for each demonstration question to be evaluated with an integer between zero (exercise left blank)
and 15 points (exercise completely correct). According to the intentions of the drafters of the test, the idea is
to award zero points only in the actual case of a blank exercise. For this reason, the evaluation grid lays down
that one single point may be awarded in the case of simple general considerations, if an example of what is
required is given (e.g., a particular solution of an equation admitting infinite solutions) or, in the specific case
of geometry, a point is awarded even if the figure is merely drawn correctly without any other consideration.
As can be seen from Table 3, the geometry problem has a lower mean score than the other questions.
Furthermore, the standard deviation of the scores is rather low, indicating that the students are concentrated
around the mean score band and therefore present similar scores. This means that the majority of the
participants collected zero or very few points in the three different questions; in particular, with regard to the
geometry question, it can be observed that, given the low variability, the students are particularly
homogeneous with regard to this characteristic and the scores are squashed around the mean score, which
was 0.23 points in 2018, 0.38 points in 2019, and 0.69 points in 2020.
In the last three years, we also observe that the top 95% of students (sorted in ascending order with
respect to the score obtained in the geometry demonstration question) obtained zero or one point in 2018,
at most two points in 2019 and five points in 2020. For the other two areas, the following can be observed:
the first 95% of students (sorted in non-decreasing order with respect to the score obtained in the number
theory question) obtained at most seven points in 2018, at most nine points in 2019 and at most 11 points in
2020. Similar results were obtained for the combinatorics question: the top 95% of participants (sorted in
non-decreasing order of their score in the combinatorics question) scored at most seven points in 2018, at
most 14 points in 2019, and 10 points in 2020.
The 99th percentiles confirm that the geometry demonstration question in the last three years has made
it so difficult for the participants that few of them scored high marks for combinatorics and number theory:
99% of participants in 2018 scored no more than five marks (no more than 13 marks for combinatorics); in
2019 and 2020, at least 1% of participants scored 15 marks for the combinatorics and number theory
demonstration questions, while not even 1% scored the maximum mark for the geometry question.
At this point, we would like to recall the statement made by the President of the Olympiad Commission of
the Italian Mathematical Union, Prof. Ludovico Pernazza, in a recent interview on the mathematical
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Table 4. Total mean scores of students who scored between 10 and 15 points in each of the three
demonstration exercises
2018
2019
2020

Number theory
55.5
49.8
50.3

Combinatorics
49.2
46.1
50.4

Geometry
69.9
57.1
51.2

divulgation blog “Math is in the air”. He said that it is precisely in solving geometry questions, both in district
and national and international competitions, that students are most likely to get stuck.
In the same interview, Prof. Pernazza also said that in the IMOs it is customary to include at least two
geometry exercises out of six so that in order to achieve a high ranking one must in any case do this type of
exercise, suggesting that success in geometry questions can be a discriminating factor for success in
mathematical competitions.
It is legitimate to wonder if this hypothesis is also valid in simpler competitions such as the ones we are
analyzing, although geometry questions in such competitions have a lower weight (around 25%) on the total
score. In this regard, again with reference to the three demonstration exercises of the district competitions of
recent years, Table 4 shows the total mean scores obtained in the competition only by those students with,
in the individual demonstration exercises, obtained a score greater than or equal to 10 (out of 15 points):
Consider, for instance, the year 2018. Table 4 shows that students whose number theory demonstration
exercise was marked between 10 and 15 points obtained, on average, an overall score (across all 17 exercises)
of 55.5. This value is 49.2 if we consider only those students whose combinatorics question was assessed
between 10 and 15 points, and 69.9 for students who scored between 10 and 15 points in geometry. It is only
in 2020 that the differences in overall mean scores are less relevant. In any case, Table 4 suggests that a good
performance in the geometry questions is discriminating in order to identify those who, at the end of the
competition, will obtain a high final score. To simplify matters, students who do well in geometry also tend to
do better in all the questions in the competition, and score higher overall.

Cluster Analysis
In support of what has been observed, referring to the year 2018 and the scores in the three
demonstration questions and the total score obtained, we proceed with a hierarchical cluster analysis using
the complete link method. The aim is to categories of students in such a way that students belonging to the
same group have similar characteristics and students belonging to different groups differ in their results.
The choice of six groups is justified by the fact that it explains 83% of the variability of students. Moreover,
in correspondence to the partition into six groups, the pseudo-f index assumes a local maximum (as shown
in the graph in Figure 2) and the pseudo-t2 assumes a much smaller value than the value assumed in
correspondence to the partition into five groups.
By coordinating the information from these indices, we continue to analyze the solution obtained.
The first three clusters (Table 5) are the most numerous: there are respectively 5,512, 2,432, and 1,233
students who obtained a mean score in geometry of 0.05 points, 0.21 points, and 0.34 points; in each of the
three clusters, the mean score obtained in the combinatorics and number theory questions is slightly higher
than the mean score in geometry. The total mean score of the students in the first group is lower than the
global mean score of all the students (about 22 points), so in the first cluster there are students who have
done badly overall (and specifically worse in geometry than in the other two disciplines); in the second and
third groups, the total score obtained is slightly higher than the global mean score, but in both cases not high
(27. 07 points for the students of cluster 2 and 39.38 for cluster 3), although the participants, on average, have
at least tried to solve the demonstration exercises of number theory and combinatorics since the mean scores
obtained in the two questions are 1.23 and 1.69 points for cluster 2 and 2.31 and 3.34 points for the students
of cluster 3. In the fourth group there are 396 students, who obtained a mean score in the geometry question
of 0.87 and a mean score in the combinatorics and number theory questions of 6.33 and 7.29, respectively:
these students, who have a very low mean score for geometry and a mean score in the 6-10 points range (i.e.,
a good score) for the other two subjects, obtained a total mean score of 54.21 points. In the fifth group,
comprising 87 students, the mean score for geometry is higher than in the previous cases and equal to 3.92;
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Figure 2. Pseudo-f statistics calculated in the last 10 partitions of the hierarchy (Source: Authors’ own
elaboration with SAS software)
Table 5. Numerosity (N) and mean (M) scores of the six groups of the chosen partition for the year 2018
Variable
Total
Dim_g
Dim_c
Dim_n

Cluster 1
N
M
5,512
12.70
5,512
0.05
5,512
0.27
5,512
0.46

Cluster 2
N
M
2,432
27.07
2,432
0.21
2,432
1.23
2,432
1.69

Cluster 3
N
M
1,233
39.38
1,233
0.34
1,233
2.31
1,233
3.34

Cluster 4
N
M
396
54.21
396
0.87
396
6.33
396
7.29

Cluster 5
N
M
87
70.52
87
3.92
87
5.33
87
11.67

Cluster 6
N
M
27
94.70
27
11.63
27
10.89
27
14.41

it can be observed that the total mean score is also higher than that of the fourth group, although in the fifth
group there are students who obtained a lower mean score in the combinatorics question, equal to 5. 33,
compared to cluster 4. The last group, with 27 students, is characterized by particularly good students, since
they obtain a total mean score of 94.7 points: this group includes students with high scores, and it is the only
group in which the geometry mean score is high (belonging to the 10-15 range), equal to 11.63 points.
Each rectangle in Figure 3 indicates the 25th, 50th (center line), and 75th percentile referring to the group
of students belonging to a single cluster (shown on the vertical axis). The square indicates the average score
of the students within each cluster (shown on the horizontal axis). The lines extending from the box represent
the minimum and maximum scores obtained by students belonging to each cluster. The box plot confirms
the previous statements, i.e., that the groups are distinguished by total score and also that they are
differentiated by the score obtained in the geometry question; in fact, in the groups in which the students
obtained a low mean score in geometry compared to other groups, they have a low total mean score
compared to the same groups. In conclusion, students who score high in geometry generally score high
overall.
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Figure 3. Box plot of the total score for each cluster (Source: Authors’ own elaboration with SAS software)
Table 6. Numerosity (N) and mean (M) scores of the six groups of the chosen partition for the year 2020
Variable
Total
Dim_g
Dim_c
Dim_n

Cluster 1
N
M
2,712
8.44
2,712
0.10
2,712
0.18
2,712
0.39

Cluster 2
N
M
3,592
18.14
3,592
0.32
3,592
0.59
3,592
0.70

Cluster 3
N
M
2,855
31.06
2,855
0.70
2,855
2.28
2,855
2.33

Cluster 4
N
M
625
49.63
625
3.07
625
6.49
625
9.11

Cluster 5
N
M
186
69.17
186
6.23
186
11.02
186
12.22

Cluster 6
N
M
30
97.00
30
13.27
30
13.90
30
14.17

Thus, geometry would seem to be the most difficult topic but when students manage to achieve a high
mean grade in this then they generally also achieve a high grade on the overall test.
For 2020, a similar result is observed. In particular, it can be observed that even in the groups where the
score in number theory and combinatorics is in the medium-high range (but where geometry did badly) the
total mean score is not very high, whereas in the last group when the mean score in geometry is very high,
then the total mean score is also very high.
We proceed with a hierarchical cluster analysis with the method of the complete link. The choice of the 6group partition is justified by the fact that it reproduces 84% of the variability of students. In addition, the
pseudo-f index has a local maximum in the six-group partition and the pseudo-t2 index has a much lower
value than in the five-group partition; the semipartial-R2 index also indicates this choice because two clusters
that are too heterogeneous were merged in the transition from the six-group partition to the five-group
partition.
As mentioned above, clusters 4 and 5 (Table 6) contain students with a mean score in combinatorics and
number theory in the medium-high range but only in cluster 6 (where the mean score obtained in the
geometry question is very high) is the total mean score also considerably high, at 97 points.
Similar considerations can be made for 2019: the choice of the five groups is justified by the fact that it
reproduces 79% of the students’ variability. Furthermore, in correspondence with the partition into five
groups, the pseudo-f index assumes a local maximum and the pseudo-t2 index assumes a much lower value
than the value assumed with the partition into four groups. Although in clusters 3 and 4 there are students
who have obtained scores relevantly higher than the global average score (1.7 for combinatorics and 1.3 for
number theory) in the demonstrative questions of number theory and combinatorics, high average total
scores are recorded only in cluster 5, where there is a high average score in the demonstrative question of
geometry (Table 7).
Referring again to the year 2018, it can also be observed that 20% of the score obtained in the geometry
question was cumulated by students who answered all three multiple-choice geometry questions correctly.
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Table 7. Numerosity (N) and mean (M) scores of the five groups of the chosen partition for the year 2019
Variable
Total
Dim_g
Dim_c
Dim_n

Cluster 1
N
M
6,237
13.10
6,237
0.10
6,237
0.40
6,237
0.30

Cluster 2
N
M
2,434
29.10
2,434
0.40
2,434
1.90
2,434
1.40

Cluster 3
N
M
948
44.00
948
1.10
948
7.20
948
5.10

Cluster 4
3N
M
258
63.40
258
3.10
258
13.20
258
8.30

Cluster 5
N
M
28
87.70
28
9.70
28
14.10
28
12.90

Table 8. Mean and standard deviation scores for question 2 of the questionnaire
Mean
Standard deviation

Number theory
6.95
1.68

Combinatorics
6.30
1.89

Geometry
6.28
1.90

Algebra
6.58
1.90

Only 4% of the score obtained in the number theory demonstration question was cumulated by those who
answered all three multiple-choice number theory questions correctly. This means that, for the year 2018,
students who demonstrated the ability to use the theoretical tools to answer the geometry multiple-choice
questions actually contributed a high proportion of the overall score in the demonstration question. As far as
number theory is concerned, Those who did not answer at least one multiple-choice question well also
contributed to the total score in the demonstration question. In conclusion, those who know geometry well
and answered all the multiple-choice questions correctly contributed to the total score in the geometry
question, while in the number theory question, even those who did not answer at least one of the three
multiple-choice questions correctly scored points, thus contributing to the total score even if they do not excel
in the subject.
Although the aim of this article is not to analyze the causes and motivations behind such a lackluster
performance in geometry by Italian students during mathematics competitions, we can try to provide a
possible interpretation of the phenomenon, to be confirmed and further investigated by future research on
the subject.
To do this, the starting point is an analysis of the questionnaire administered only to the students of the
Roman district (486 students in total) who took part in the 2020 district competition. This questionnaire was
carried out by students at the end of the competition; thus, at a time when they were well aware of the
difficulties they had encountered.
First of all, it should be noted that the students declared that, on average, they felt as good at geometry
as at the other disciplines; this can be seen from the answers given to question 2, which asked how good they
felt they were at one of the four areas of Olympic mathematics, regardless of their recent performance in the
competition. Students could give a grade from 1 (not at all gifted) to 10 (very gifted). Table 8 shows the mean
answers with the standard deviation.
The differences between the mean scores in the individual areas appear minor, although geometry
remains the most difficult subject and number theory the easiest. In each case, the variability is low and
therefore the mean score is adequate to describe the individual domains.
At the same time, however, what emerges is that the geometry questions were found to be the most
similar to those seen in class; this can be seen from the answers given to question 4 of the questionnaire, in
which they were asked to estimate how often they had encountered exercises at school similar to those
performed in the competition:
Table 9 shows that one out of three students has often or always encountered exercises similar (if not in
difficulty, at least in content and/or structure) to those of the competitions in their normal classroom teaching.
In the case of the remaining areas, on average only one student in five has encountered exercises at school
that are similar to those in the competitions.
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Table 9. Absolute frequencies for question 4 of the questionnaire
Never
Almost never
Often
Always
No answer

Number theory
178
202
86
5
15

Combinatorics
184
184
98
4
16

Geometry
94
214
147
19
12

Algebra
182
182
99
10
13

Table 10. Answers to question 3 of the questionnaire
Formulating hypotheses and working strategies
Using knowledge in solving questions
Both
No answer

Number theory
232
173
2
83

Combinatorics
218
194
11
85

Geometry
194
243
8
57

Algebra
238
183
10
75

It can therefore be assumed that the students, even the talented ones, even though they know the main
rules of geometry and even though they do it regularly in class, still have difficulties when it comes to
competition exercises.
In the above-mentioned interview, Prof. Pernazza stated that in order to solve geometry questions, it is
necessary to see or imagine new elements or information in the assigned configuration that are not explicitly
written in the text of the problem, and this ability can be acquired with appropriate training and by performing
a large number of exercises. Furthermore, he stated that reading and understanding a demonstration is quite
a different process from knowing how to produce it, although the study of demonstrations can be a good way
to acquire a decent grasp of the technique and ability to produce them. In his opinion, the knowledge of
theorems alone is not enough to know how to demonstrate in geometry, but it becomes even more important
to know the demonstrations themselves, since the reasoning carried out within the demonstration of a
theorem can provide hints, ideas and suggestions about the methodology and procedures to be adopted in
solving geometric questions.
All this is confirmed if we read the answers given by the students to question 3 of the questionnaire, in
which they were asked to indicate which of the two moments they found most difficult in solving the problems
of the competition they had just completed (Table 10).
Regarding geometry, students tended to have clearer ideas (it was the item they left least blank). In
particular, the major stumbling block they encountered was the ability to use their knowledge to solve the
questions, which supports Prof. Pernazza’s assertion that it is more useful to know demonstrative techniques
than simply stating a theorem.

DISCUSSION AND CONCLUSION
The difficulties that Italian students encounter in studying, and (even more so) in tackling geometry
questions, is not homogeneous. Recent data from the TIMSS 2019 survey would seem to suggest that
geometry is a strong area for students in grade 8, whereas at upper secondary school level the trend seems
to be reversed.
From the analysis of the scores obtained in the competition by the approximately 10,000 Italian students
who took part in the district competitions from the year 2018 to 2020, geometry seems to represent the area
that creates the most difficulties.
Understanding the motivations behind such alleged difficulties experienced even by those who, by
aptitude or commitment, should perform well in all competitive fields remains an open question. The data
analyzed in this research provide clear but not fully comprehensive trends. This is an excessively narrow time
span, not to mention some variables at play that have not been considered here, such as being able to assess
the level of difficulty of the questions, which could in some way influence the results obtained. However, what
emerged from the answers to the February 2020 questionnaire provides some interesting indications. The
topics that appear in the competition geometry questions are theorems and properties that are studied in
Italian schools more than other topics such as averages and inequalities in algebra or Diophantine equations
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in number theory, aspects that are completely unknown to those who have never attended a competition
preparation course or picked up a book dedicated to student competitions. Thus, the geometry exercises that
students encounter during student competitions are the most similar to those carried out in the classroom,
but they are also those in which the students themselves state that they have most difficulty in using the
knowledge they possess. However, the observed trend seems to suggest that geometry questions are the
ones which are least attempted by students and, in terms of performance, have lower scores. Those who
manage to score well are also those who, at the end of the competition, will tend to be at the higher end of
the scale, making geometry a particularly discriminating and predictive marker of competition success.
Further research is needed to better understand not only the factors behind the difficulties analyzed, but
also the type of approach and confidence that competing students have towards geometry questions. In any
case, the research conducted, although it has provided only broad trends, represents a starting point for
trying to frame the phenomenon under study.
Author contributions: All authors were involved in concept, design, collection of data, interpretation, writing, and
critically revising the article. All authors approve final version of the article.
Funding: The authors received no financial support for the research and/or authorship of this article.
Acknowledgements: The authors would like to thank UMI (Unione Matematica Italiana) for the data used for the
analysis presented in this paper.
Ethics declaration: The authors stated that the study did not require an ethics committee approval since no personidentifiable data/sensitive data, children’s data or any kind of clinical data was collected during the study. All participants
in the study were informed about how and why the research was conducted, that their anonymity was ensured. No
personal information was collected (apart from gender). Participation to the study was strictly voluntary.
Declaration of interest: Authors declare no competing interest.
Data availability: Data generated or analyzed during this study are available from the authors on request.

REFERENCES
Anderson, J. R. (1983). Acquisition of proof skills in geometry. In R. S. Michalski, J. G. Carbonell, & T. M. Mitchell
(Eds.), Machine learning (pp. 191-219). Springer. https://doi.org/10.1007/978-3-662-12405-5_7
Arrigo, G., & Sbaragli, S. (2004). I solidi. Riscopriamo la geometria [The solids. Let’s rediscover geometry]. Carocci
Faber.
Clements, D. H., & Battista, M. T. (1992). Geometry and spatial reasoning In D. A. Grouws (Ed.), Handbook of
research on mathematics teaching and learning: A project of the National Council of Teachers of Mathematics
(pp. 420-464). Macmillan Publishing Co, Inc.
Cottino L., Sbaragli S. (2004). Le diverse “facce” del cubo [The different “faces” of the cube]. Carocci Faber.
Craig, A. J. (2010). Comparing research into mental calculation strategies in mathematics education and
psychology. Research in Mathematics Education, 12(1), 73-74.https://doi.org/10.1080/147948009035699
49
Crowley, M. L. (1987). The van Hiele model of the development of geometric thought. In M. M. Lindquist (Ed.),
Learning and teaching geometry, K-12 (pp. 1-16). National Council of Teachers of Mathematics.
Fischbein, E. (1993). The theory of figural concepts. Educational Studies in Mathematics, 24(2), 139-162.
https://doi.org/10.1007/BF01273689
Fuys, D. J., Geddes, D., & Tischler, R. W. (1984). English translation of selected writings of Dina van Hiele-Geldof
and Pierre M. van Hiele. Brooklyn College, C.U.N.Y.
Gal, H., & Linchevski, L. (2010). To see or not to see: Analyzing difficulties in geometry from the perspective of
visual perception. Educational Studies in Mathematics, 74(2), 163-183. https://doi.org/10.1007/s10649010-9232-y
Herbst, P., & Brach, C. (2006). Proving and doing proofs in high school geometry classes: What is it that is going
on for students? Cognition and Instruction, 24(1), 73-122. https://doi.org/10.1207/s1532690xci2401_2
Hill, R. B., & Wicklein, R. C. (1999). A factor analysis of primary mental processes for technological problem
solving. Journal of Industrial Teacher Education, 36(2), 83-100.
Jordan, N., Hanich, L. B., & Uberti, H. Z. (2013). Mathematical thinking and learning difficulties. In A. J. Baroody,
& A. Dowker (Eds.), The development of arithmetic concepts and skills: Constructive adaptive expertise (pp.
383-406). Routledge. https://doi.org/10.4324/9781410607218-18
European Journal of Science and Mathematics Education, 11(2), 259-270

269

Facciaroni et al.
Knuth, E. J. (2002). Secondary school mathematics teachers’ conceptions of proof. Journal for Research in
Mathematics Education, 33(5), 379-405. https://doi.org/10.2307/4149959
Krutetskii, V. A. (1976). The psychology of mathematical abilities in schoolchildren. The University of Chicago
Press.
Kuzniak, A., & Rauscher, J. C. (2011). How do teachers’ approaches to geometric work relate to geometry
students’
learning
difficulties?
Educational
Studies
in
Mathematics,
77(1),
129-147.
https://doi.org/10.1007/s10649-011-9304-7
Mainali, B. (2019). Investigating the relationships between preferences, gender, task difficulty, and high school
students’ geometry performance. International Journal of Research in Education and Science, 5(1), 224-236.
Marushina, A. (2021). Mathematics competitions: What has changed in recent decades. ZDM-Mathematics
Education, 53(7), 1591-1603. https://doi.org/10.1007/s11858-021-01275-w
Mason, M. (2009). The van Hiele levels of geometric understanding. Colección Digital Eudoxus [Eudoxus Digital
Collection], 1, 2.
Mason, M. M., & Moore, S. D. (1997). Assessing readiness for geometry in mathematically talented middle
school students. Journal of Secondary Gifted Education, 8(3), 105-110. https://doi.org/10.1177/1932202X9
700800302
Mazza, L., & Gambini, A. (2022). The phenomenon of the gender gap among gifted students: the situation in
Italy based on analysis of results in mathematics competitions. Teaching Mathematics and its Applications:
An International Journal of the IMA. https://doi.org/10.1093/teamat/hrac009
Mazzocco, M. M. M. (2007). Defining and differentiating mathematical learning disabilities and difficulties. In
D. B. Berch, & M. M. M. Mazzocco (Eds.), Why is math so hard for some children? The nature and origins of
mathematical learning difficulties and disabilities (pp. 29-47). Paul H. Brookes Publishing Co.
https://doi.org/10.1097/DBP.0b013e31817aefe8
Mutlu, Y. (2019). Math anxiety in students with and without math learning difficulties. International Electronic
Journal of Elementary Education, 11(5), 471-475. https://doi.org/10.26822/iejee.2019553343
Nieto-Said, J. H., & Sánchez-Lamoneda, R. (2022). A curriculum for mathematical competitions. ZDMMathematics Education, 54, 1043-1057. https://doi.org/10.1007/s11858-022-01389-9
Sbaragli, S., & Mammarella, I. C. (2010). L’apprendimento della geometria [The learning of geometry]. In D.
Lucangeli, & I. C. Mammarella (Eds.), Psicologia della cognizione numerica. Approcci teorici, valutazione e
intervento [Psychology of numerical cognition. Theoretical approaches, evaluation, and intervention]. Franco
Angeli.
Selden, A., & Selden, J. (2003). Validations of proofs considered as texts: Can undergraduates tell whether an
argument proves a theorem? Journal for Research in Mathematics Education, 34(1), 4-36.
https://doi.org/10.2307/30034698
Soifer, A. (Ed.). (2017). Competitions for young mathematicians: Perspectives from five continents. Springer.
https://doi.org/10.1007/978-3-319-56585-9
Sulistiowati, D. L., Herman, T., & Jupri, A. (2019). Student difficulties in solving geometry problem based on van
Hiele thinking level. Journal of Physics: Conference Series, 1157(4), 042118. https://doi.org/10.1088/17426596/1157/4/042118
Usiskin, Z. (1982). Van Hiele levels and achievement in secondary school geometry. CDASSG project.
https://eric.ed.gov/?id=ED220288
Van Hiele, P. M. (1986). Structure and insight: A theory of mathematics education. Academic Press.

❖

270

European Journal of Science and Mathematics Education, 11(2), 259-270

